In order to analyze the cathodic protection problem of a tubular structure, such as an offshore jacket or a platform, by the boundary element method (BEM), three types of cylindrical surface isoparametric elements : cylindrical linear element, cylindrical surface trapezoidal bilinear element and cylindrical surface triangular linear element, are developed. By combining these three elements, any complex tubular structure can be represented exactly, and the accuracy in a BEM analysis of the cathodic protection problem of a tubular structure is improved. An optimal mesh system which significantly saves CPU time comparing with a plane element mesh system can be made easily from these types of cylindrical surface element.
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In order to analyze the cathodic protection problem of a tubular structure, such as an offshore jacket or a platform, by the boundary element method (BEM), three types of cylindrical surface isoparametric elements : cylindrical linear element, cylindrical surface trapezoidal bilinear element and cylindrical surface triangular linear element, are developed. By combining these three elements, any complex tubular structure can be represented exactly, and the accuracy in a BEM analysis of the cathodic protection problem of a tubular structure is improved. An optimal mesh system which significantly saves CPU time comparing with a plane element mesh system can be made easily from these types of cylindrical surface element.
In order to simplify the mesh division in the BEM analysis of a tubular structure with a lot of joints, a simplified model of the tubular joint, in which the joint is separated into simple tubes, is investigated by using the proposed elements. In the case that no anode is near to the intersected node of the joint or that the anode is near to the intersected node, but radii are not so big, this simplification is applicable to tubular structures.
Introduction
The boundary element method (BEM) has been successfully applied to the research of corrosion and cathodic protection problem or the design of a cathodic protection system1)-6). The governing equation of the electric field formed in electrolyte by a cathodic protection system is Laplace's equation for a homogeneous electrolyte domain or a nonlinear partial differential equation for an unhomogeneous electrolyte domain7). It has been confirmed that this mathematical model in the numerical analysis agrees with the real electric field very well. Therefore, a reliable BEM simulation based on these governing equations and associated boundary conditions relies on an efficient numerical technique, where it plays a key role how to discretize the integral area in the boundary integral equation. Dansonu analyzed the potential distribution on a simple model of tension leg platform under cathodic protection by BEM. Although the potential distribution of a more complex offshore jacket with many tubular joints has been evaluated through model experiment by D. J. When the mesh system of a tubular structure surface consists of these cylindrical surface isoparametric elements, the mesh size can be selected just according to the potential profile, but no requirement for representing the geometrical shape. Therefore, the accuracy and the cost required in the BEM analysis of the cathodic protection problem are remarkably improved.
Since tubular structure usually consists of a lot of tubular joints, the data preparation will be still tedious, even if the cylindrical surface elements are employed. In order to avoid a detail mesh division of the tubular joint, the simplification of a calculation model with an appropriate accuracy is investigated. This model is expected to simplify the BEM analysis of a offshore jacket or platform structure significantly. When Eq. ( 1 ) is applied to the cathodic protection problem of a tubular structure in ocean supposed to be infinite, the boundary S including only the structural surface is discretized into a number of the three types of cylindrical surface elements. Then Eq. ( 1 ) 
( 2 ) When the source point is in Subregion 2,
The subscripts 1 and 2 in Eqs. ( 3 ) and ( 4 ) are the number of the subregion to which the field point, Q, belongs, (x, y, z) is the coordinate of the point Q, and (xp, yp, zp) is the coordinate of the point P. Using the fundamental solutions defined by Eqs. ( 3 ) and ( 4 ), the discretization of the water-mud interface can be avoided.
3. Cylindrical surface isoparametric element 3. 1 Cylindrical element As shown in Fig. 1 and Fig. 2 , the cylindrical element (C. E.), se,, is defined by its two Nodes 1(x1, y1, z1) and 2(x2, y2, z2), and its section radius R. Considering the axial symmetrical electric field around a pipe model, the potential,0, and current density, q, in the cylindrical element are taken constant along the circumference of the element, but linearly distribute along the axial direction of the element. Such distributions are expressed by the following equations, ( 5 ) where the linear interpolated functions Nk(k=1, 2) are defined by the following equations. Therefore, the integration over sk, in Eq. ( 2 ) can be written as, (7 ) or in another form, ( 8 ) where,
Through following operations, i ) rotating the coordinate system o-xyz to a new one o-x'y' z' of which one axis oz' is parallel to the axis 12, ii) defining the new coordinate axes by their unit vectors in the old coordinate system o-xyz as X'(11, mi, ni), Y'(12, m2, n2) and Z'(13, m3, n3), iii) introducing the cylindrical coordinate system (R, 0, z') under the new coordinate system ox' y' z' Point Q(xQ, yQ, 4) on the element surface su is represented by the following equation, (10) where (xQo, yeo, 40) denotes a point on the axis 12 of the element Based on Eq. (10), the formulations of hjk and gm in Eq. ( 8 ) are derived with regard to two cases.
( 1 ) In case that source point P is on element Si, or its extension As shown in Fig. 1 , the coordinate (xpo, Ypo, zpo) of Point Po given on the axis is replaced by the coordinate (xp, yp, zp) of Point P on the surface of the element, that is, (11) Therefore, the distance, r, between Point P and Point Q is given by following equation, Journal of The Society of Naval Architects of Japan, Vol. 174 (15) When the provisional source point Po(XPo, Y Po, ZPo) coincides with Node 1(xi, yl, zi), L0 becomes zero. In this case, the singular integral in the above equations can be solved analytically, and h,k and gik are given by the following equations, (16) ( 2 ) In the case that source point P is not on the element or its extension As shown in Fig. 2 Fig. 4 .
In an axial symmetry model, the calculated results by both mesh systems almost agree with each other. The slight difference between two calculations shown in Fig. 4  ( a ) is caused by the plane rectangular element which can not represent the geometrical shape of the pipe exactly. Table 2 shows the comparison of number of nodal point and CPU time required in both calculations. It is clear that the cylindrical element is very efficient in the axial symmetry model.
In the non-symmetry model, the potential on the portion near to the anode varies steeply along the circumference of the pipe, and this variation can not be represented by the cylindrical element. Therefore, a little difference appears between two results calculated by cylindrical and rectangular elements as shown in Fig. 4 ( b) . In this case, an accurate simulation can not be obtained only by the cylindrical element.
2 Cylindrical surface trapezoidal element
In order to overcome the weak point of the cylindrical element appearing in the non-symmetry model, and specially to simulate a tubular joint structure accurately and conventionally, the cylindrical surface trapezoidal element (C. S. Tra. E.) was developed. In this element, a local coordinate system, (E, 0, is employed as shown in Fig. 5 . The bilinear profiles of the potential and current density on the element are given as follows , where the bilinear interpolated function, Nk(k=1, 4), is taken as the following form.
Therefore, the integral over sq.; in Eq. ( 2 ) can be written as, (20) where (21) As shown in Fig. 5 , the unit vectors of three axes of a new coordinate system, o-x' y'z', are defined as XVI, nate system o-xyz, and then sq., in Eq. (21) can be represented by the cylindrical coordinate, (R, 0, z'), as the following equation, (22) where Qo(xQ,, yQ0, 40) is an arbitrary point on the axis of the cylinder.
Both sides 14 and 23 of the element sq; are taken parallel to the cylinder axis. Therefore, four nodal points of sq, are given as 1(R, A, 2),2(R, 02, .z), 3(R, 02, z,) and 4(R, 0,, in the cylindrical coordinate system (R, 0, z'). Using Eq. (19) as the shape function, z' and 0 in Eq. (22) are expressed as follows. (23) Therefore, the distance, r, between the field point Q on sq., and the source point P is calculated by, where d, R, X', Y', "Z' and are defined in Fig. 5 . In the case that 0*=(1/47r)(1/r), then q* takes a form as follows. (25) defining the following symbols,
coefficients, gik and kik, in Eq. (20) are calculated by the following equations, (27) and (28) All of the integrals in the above formulations are numerically calculated by employing the Guassan method.
C. S. Tra. E. developed here is applied to the analysis of the non-symmetry pipe model shown in Fig. 3( b) . In Fig. 6( a) and ( b ) , the calculated results by two mesh size of C. S. Tra. E. are compared with that by the plane rectangular bilinear element shown in Fig. 4( b ) . In the case shown in Fig. 6 ( a ) , the difference between two calculated results becomes smaller than that shown in Fig. 4( b) . Fig. 6( b) shows that both calculations agree with each other very well. The number of nodal points and CUP time required in three calculations are compared in Table 3 . C. S. Tra. E. is confirmed to be efficient.
In a non-symmetry model shown in Fig. 3( b ) , potential distributions along the circumference of the pipe are almost constant in the portion which is far from the anode. Therefore, C. S. Tra. E. with bigger size or even C. E. developed in last section will give a sufficient accuracy for this portion. In order to connect smoothly two meshes with different size, the cylindrical surface triangular element is necessary.
3. 3 Cylindrical surface triangular element In the cylindrical surface triangular element (C. S. Tri. E.) , the local coordinate system, (E, 77), is taken as shown in Fig. 7 and Fig. 8 . Linear profiles of the potential and current density on the element are expressed by 
where the linear interpolated function, Nk(k=1, 3), takes the following form.
(30) Therefore, the integral over so in Eq. ( 2 ) can be written as, (31) where (32) At first, a simple case that one side, 13, of the element, so, is parallel to the axis, oz', is considered. Under the cylindrical coordinate system, (R, 0, z'), three nodal points are defined as, 1(R, 01, zO, 2(R, 02, 4) and 3(R, 01, 4. In this case, the distance, r, between field point Q on st, and source point P is expressed as follows, (33) where d, R,X ',Y' , Z' and 7 are defined in Fig . 7 , and 0= 01+ (02-00E. Defining the following symbols, (34) coefficients, Thk and kik, are calculated by the following equations. 
Secondly, an arbitrary cylindrical surface triangular element, of which any side is not parallel to the axis oz' as shown in Fig. 8 , is discussed. If the interpolated function defined by Eq. (30) is employed as the shape function for representing the element so in the calculations of go, and kk, the kernel functions related to g,k and h,k will become very complex, so that even one fold of the double fold integrals can not be carried out analytically.
In order to overcome this difficulty, one line parallel to the axis oz' is drown from the nodal point 3 to a point, e, on the side 12 of the element, so, as shown in Fig. 8( a) and ( b ) . Therefore, the element, so, is replaced by two elements as follows.
Under the cylindrical coordinate system, (R, 0, z'), the coordinate of the point e is expressed by the following equation,
Because of the linear distributions of potential and current density on so, potential qe and current density ge at the point e is given by the following equation.
(39) Therefore, the integral over so in Eq. ( 2 ) can be written as follows,
where NI, N2 and N3 take the same forms as those defined by Eq. (30). Eq. (40) can be rewritten in a standard form as follows,
In this equation, g,k and h.,k(K =1, 2, 3) can be expressed as follows,
In the above equation, replacing the nodal coordinates of so included in Eq. C. S. Tri. E. is also applied to simulating the nonsymmetry model shown in Fig. 3 ( b ) In Fig. 9 , the calculated results are compared with that by the plane rectangular bilinear element shown in Fig. 4 ( b ) . This figure shows that the mesh system consisting of C. S.
Tri. E. reaches a high accuracy with fewer number of nodal point.
C. S. Tri. E. is mainly used to link meshes with different size or different type of meshes. Using three types of cylindrical surface isoparametric elements developed in this study, it is possible to simulate the non-symmetrical model by more efficient mesh system, as shown in Fig. 10 . Table 4 In previous sections, the cylindrical surface elements developed in this study have been confirmed to be very effective for a tubular structure. In offshore jacket or platform structures with many tubular joints, however, complex and tedious mesh division can not be avoided. In this section, a simplified model for calculating the tubular T joint is attempted and its accuracy is investigated. A real T joint shown in Fig. 11 ( a) is simplified as shown in Fig. 11 ( b ) . In this simplified model, two tubes just touch each other. The accuracy of such a simplified model is mainly effected by the radii of the tubes included in the joint. Therefore, varying radii of tubes and position of sacrificial anodes, series calculations are carried out for this T joint. Figure 12 shows the potential distributions by the two models in the case that the sacrificial anode is far from the intersected node of the joint. The calculated results of the simplified model agree with that of the T joint model very well, and there is almost no influence of the tubular radii on the accuracy of the simplification.
The calculated results in the case that the sacrificial anode is near to the intersected node are shown in In a practical offshore jacket, the simplified model mentioned above is useful to simplify the simulation of complex tubular joints significantly in the following two cases ;
( 1 ) The anode is far from the intersected node of the joint, ( 2 ) The anode is near to the intersected node of the joint, but diameters of tubes are small.
Conclusions
In this study, three types of cylindrical surface isoparametric elements : cylindrical element, cylindrical surface trapezoidal element and cylindrical surface triangular element were developed for BEM analysis of Table 4 Comparison of number of nodal point and CPU time node points in mesh division, and optimize a mesh system on the economical view poiot. In order to make the simulation of the tubular joint easy, an simplification of its calculating model was investigated. In the simplification, a intersected node of the tubular joint is separated into some simple tubes. This simplification is effective to reduce the efforts of mesh division and is useful except for the case that an anode is put very near to the node and the radii of tubes are too big.
Therefore, having the aid of the cylindrical surface isoparametric elements and the simplified model for a tubular joint, BEM analysis of a complex offshore jacket or platform structure under cathodic protection will become very easy. 
